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Abstract
A graph G is called {H1, H2, . . . , Hk}-free if G contains no induced subgraph isomorphic to any Hi , 1 ik. If G is a complete
graph, we set NC = |V (G)| − 1, otherwise NC is denoted as
NC = min{|N(x) ∪ N(y)| : x, y ∈ V (G) and xy /∈E(G)}.
Let G be a 2-connected {K1,4,K1,4 + e}-free graph of order n. If NC(n − 2)/2, then G has a Hamilton path, where K1,4 + e is
a graph obtained by joining a pair of nonadjacent vertices in a K1,4.
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1. Introduction and notation
Weconsider only ﬁnite undirected graphswithout loops andmultiple edges. For terminologies, notations and concepts
not deﬁned here see [1]. If G is a graph, we denote by V (G) and E(G), respectively, the vertex set and the edge set
of G. The order of G is the number of vertices in G, which is denoted by |G| or |V (G)|. The same notation is used
for any vertex set in G. If S ⊆ V (G), then N(S) denotes the neighbors of S, that is, the set of all vertices in G
adjacent to at least one vertex in S. For a subgraph H of G and S ⊆ V (G) − V (H), let NH(S) = N(S) ∩ V (H) and
|NH(S)| = dH (S). If S ={s}, then NH(S) and dH (S) are written as NH(s) and dH (s), respectively. If S ={s}, H =G,
then NH(s) and |NH(s)| are written as N(s) and d(s), respectively. The subgraph induced by S will be denoted by
G[S]. If S = {x1, x2, . . . , x|S|}, then G[S] =G[{x1, x2, . . . , x|S|}] also written as G[x1, x2, . . . , x|S|]. The connectivity
of a graph G is denoted by k(G). If G is a complete graph, we set NC = |V (G)| − 1, otherwise NC is denoted as
NC = min{|N(x) ∪ N(y)| : x, y ∈ V (G) and xy /∈E(G)}.
If P = x1x2 · · · xt is a path in G with a given orientation, we set xi−→P xj to be the subpath xixi+1 · · · xj , i < j . The
same vertices, in reverse order, are given by xj
←−
P xi . Both xi
−→
P xj and xj
←−
P xi are considered as paths and vertex sets.
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Fig. 1.
A Hamilton path of a graph is a path containing all the vertices of the graph. A cycle containing all the vertices of a
graph is said to be a Hamilton cycle. A graph containing a Hamilton cycle is said to be Hamiltonian.
A graph G is called {H1, H2, . . . , Hk}-free if G contains no induced subgraph isomorphic to any Hi , 1 ik. In
particular, if k = 1 and H1 is K1,3, G is said to be claw-free. The graph K1,4 + e is deﬁned as a graph obtained by
joining a pair of nonadjacent vertices in a K1,4. Obviously, every claw-free graph is {K1,4,K1,4 + e}-free.
Li et al. in [3,4] obtained some results on {K1,4,K1,4 + e}-free graphs.
Theorem 1 (Li and Schelp [4]). LetGbe a 3-connected {K1,4,K1,4+e}-free graph of ordern30. If (G)(n+5)/5,
then G is Hamiltonian.
Theorem 2 (Li [3]). Let G be a 2-connected {K1,4,K1,4 + e}-free graph of order n13. If (G)n/4, then G is
Hamiltonian or G ∈F, whereF is a family of non-hamiltonian graphs of connectivity 2.
These results are generalizations of the related results in claw-free graphs. In this paper we consider the following
theorem about claw-free graphs appearing in [2]:
Theorem 3 (Faudree et al. [2]). If G is a 2-connected K1,3-free graph of order n such that NC(n − 2)/2, then G is
traceable, i.e. G has a Hamilton path.
We extend this result as follows:
Theorem 4. If G is a 2-connected {K1,4,K1,4 + e}-free graph of order n such that NC(n − 2)/2, then G has a
Hamilton path.
Fig. 1 gives an inﬁnite class of graphs G. The family G of graphs is deﬁned as follows: If G ∈ G, then G can be
decomposed into four disjoint complete subgraphs G1,G2,G3,G4 with |V (G1)| = |V (G2)| = |V (G3)| =  + 14,
|V (G4)|=−1, such thatV (Gi)∩V (Gj )=∅, 1 i 	= j4;E(V (Gi), V (Gj ))={vivj }, 1 i 	= j3; there exists only
one vertex ui ∈ V (Gi), ui 	= vi, i=1, 2, 3, where ui is adjacent to any vertex of V (G4);E(V (Gi)−{ui}, V (G4))=∅,
1 i3 . Then each graphG inG is a 2-connected {K1,4,K1,4+e}-free graph of order 4+2, NC=2=(4+2−2)/2.
It is easy to see that G has a Hamilton path and a subgraph K1,3.
If G ∈ G, then G − {v1v2, v1v3, v2v3} is {K1,4,K1,4 + e}-free with order n = 4+ 2,NC = 2 and connectivity 1,
but G has no Hamilton path. So the connectivity condition of Theorem 4 cannot be lowered.
2. Proof of Theorem 4
Suppose thatG satisﬁes the conditions of Theorem 4, butG has noHamilton path. LetP =x1x2 · · · xt be a longest path
inGwith tn−1,H be a component ofV (G)−V (P ). SinceG is 2-connected, there exists xi, xj ∈ NP (H), i < j , such
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that N(H)∩V (xi+1−→P xj−1)=∅. Choose a longest path P ′ = y1y2 · · · yl in G[H ], l1, such that xiy1, xj yl ∈ E(G).
Then we have the following observation.
Observation. (a) i2, i + 2j t − 1 and N(x1), N(xt ) ⊆ V (P ), x1xt /∈E(G).
(b) xi+1, xj−1, xj , xj+1 /∈N(x1), xj−1, xi+1, xi, xi−1 /∈N(xt ).
Proof. (a) Suppose to the contrary, then we can easily obtain a path longer than P in all cases.
(b) If xi+1 ∈ N(x1), the path xt←−P xjyl
←−
P
′
y1xi
←−
P x1xi+1
−→
P xj−1 is longer than P, a contradiction.
If xj−1 ∈ N(x1), the path xt←−P xjyl
←−
P
′
y1xi
←−
P x1xj−1
←−
P xi+1 is longer than P, a contradiction.
If xj+1 ∈ N(x1), the path xt←−P xj+1x1−→P xjyl
←−
P
′
y1 is longer than P, a contradiction.
If xj ∈ N(x1), we consider G[xj , xj−1, xj+1, x1, yl]. It is easy to see that x1yl, xj−1yl, xj+1yl /∈E(G). From the
above proof, we know that x1xj−1, x1xj+1 /∈E(G). If xj−1xj+1 ∈ E(G), the path y1−→P ylxj x1−→P xj−1xj+1−→P xt is
longer than P, then xj−1xj+1 /∈E(G). So G[xj , xj−1, xj+1, x1, yl] is isomorphic to K1,4, a contradiction.
In a similar way, we can show that xj−1, xi+1, xi, xi−1 /∈N(xt ). 
From Observation (a), we know i + 2j . Next we distinguish two cases to complete the proof.
Case A: For any component of V (G) − V (P ) with xi, xj satisfying j − i = 2. In this case all the components of
V (G) − V (P ) have only one vertex, otherwise it is easy to get a path longer than P.
Let H = {x}, xxi, xxj ∈ E(G), then we have the following claims.
Claim 1. If xk ∈ N(xi+1), there must be xk+1, xk−1 /∈N(xi+1).
Proof. By symmetry, we only consider the case of jk t − 1.
If xi+1xk+1 ∈ E(G), there is a path x1−→P xixxj−→P xkxi+1xk+1−→P xt longer than P, a contradiction.
If xi+1xk−1 ∈ E(G), there is a path x1−→P xixxj−→P xk−1xi+1xk−→P xt longer than P, a contradiction. In particular, if
k = j = i + 2, then xk−1 = xi+1. Obviously xk−1 /∈N(xi+1). 
Claim 2. |(N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1))|2.
Proof. Obviously, x1, xt , x, xi+1 are pairwise nonadjacent, then
n − 4 |N(x1) ∪ N(xt ) ∪ N(x) ∪ N(xi+1)|
= |N(x1) ∪ N(xt )| + |N(x) ∪ N(xi+1)| − |(N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1))|
 n − 2
2
+ n − 2
2
− |(N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1))|
So |(N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1))|2. 
Claim 3. (N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1)) ⊆ {x2, xt−1}.
Proof. Suppose that xk ∈ (N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1)) and k 	= 2, t − 1. If k = i 	= 2, we have
xtxi /∈E(G) by Observation (a). Hence x1xi ∈ E(G). Considering G[xi, xi−1, xi+1, x, x1], it is easy to see that
xx1, xxi+1, xxi−1, x1xi+1, xi−1xi+1 /∈E(G). ThenG is isomorphic toK1,4 orK1,4 +e, a contradiction. By symmetry,
we only consider the case 2<k< i. Since xk ∈ (N(x1)∪N(xt ))∩ (N(x)∪N(xi+1)), then we consider the following
four possible cases.
Case 1: x1xk, xxk ∈ E(G). Considering G[xk, xk−1, xk+1, x, x1], clearly we have xx1, xxk−1, xxk+1 /∈E(G).
If xk−1xk+1 ∈ E(G), then the path xt←−P xk+1xk−1←−P x1xkx is longer than P. If xk+1x1 ∈ E(G), then the path
xt
←−
P xk+1x1
−→
P xkx is longer than P. Then G[xk, xk−1, xk+1, x, x1] is isomorphic to K1,4 or K1,4 + e, a contradic-
tion.
Case 2: x1xk, xi+1xk ∈ E(G). Considering G[xk, xk−1, xk+1, xi+1, x1], we have x1xi+1 /∈E(G) and xi+1xk−1,
xi+1xk+1 /∈E(G) by Observation (b) and Claim 1. If xk−1xk+1 ∈ E(G), the path xt←−P xjxxi←−P xk+1 xk−1←−P x1xkxi+1 is
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longer thanP. If x1xk+1 ∈ E(G), the path xt←−P xjxxi←−P xk+1x1−→P xkxi+1 is longer thanP. ThenG[xk, xk−1, xk+1, xi+1,
x1] is isomorphic to K1,4 or K1,4 + e, a contradiction.
Case 3: xtxk, xxk ∈ E(G). Considering G[xk, xk−1, xk+1, x, xt ], clearly we have xxk−1, xxk+1, xxt /∈E(G). If
xtxk−1 ∈ E(G), the path x1−→P xk−1xt←−P xkx is longer than P. If xtxk+1 ∈ E(G), the path x1−→P xkxxj−→P xtxk+1−→P xi+1
is longer than P. Then G[xk, xk−1, xk+1, x, xt ] is isomorphic to K1,4 or K1,4 + e, a contradiction.
Case 4: xkxt , xi+1xk ∈ E(G). Considering G[xk, xk−1, xk+1, xi+1, xt ], we have xi+1xt /∈E(G) and xk−1xi+1,
xi+1xk+1 /∈E(G) by Observation (b) and Claim 1. If xk−1xk+1 ∈ E(G), the path x1−→P xk−1xk+1−→P xix xj−→P xtxkxi+1
is longer than P. If xk−1xt ∈ E(G), the path x1−→P xk−1xt←−P xjxxi←−P xkxi+1 is longer than P. Then G[xk, xk−1, xk+1,
xi+1, xt ] is isomorphic to K1,4 or K1,4 + e, a contradiction. 
By Claims 2 and 3, we have
{x2, xt−1} = (N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1)).
Claim 4. N(xi+1), N(x) ⊆ V (P ).
Proof. Suppose that there exists y ∈ N(xi+1) and y ∈ V (G)−V (P ). Hence y 	= x. Considering the component H ′ =
{y}, by the assumption of Case A, we have that at least one of xi−1y ∈ E(G), xj+1y ∈ E(G) holds. If xi−1y ∈ E(G),
then the path x1
−→
P xi−1yxi+1xixxj
−→
P xt is longer than P. If xj+1y ∈ E(G), then the path x1−→P xixxjxi+1yxj+1−→P xt
is longer than P.
Because any component of V (G) − V (P ) has only one vertex, so N(x) ⊆ V (P ). 
Claim 5. There is only one component {x} in V (G) − V (P ), and
V (G) = N(x1) ∪ N(xt ) ∪ N(xi+1) ∪ N(x) ∪ {x1, xt , x, xi+1}.
Proof. We consider the following three cases.
Case 1: If i3, j t−2, letA={xk : 2<k< i}, B={xk : j < k < t−1}. Obviously, (A∪B)∩{x1, x2, xi, xi+1, xj ,
xt−1, xt , x} = ∅. Let
|NA(x1) ∪ NA(xt )| = m1, |NB(x1) ∪ NB(xt )| = m2,
|NA(x) ∪ NA(xi+1)| = n1, |NB(x) ∪ NB(xi+1)| = n2.
Since {x2, xt−1} = (N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1)), then we have
m1 + m2 + n1 + n2 + 8n. (1)
By Observation (a), N(x1), N(xt ) ⊆ V (P ), and the deﬁnition of NC, we have
m1 + m2 + 2 n − 22 . (2)
By Claim 4, N(xi+1), N(x) ⊆ V (P ), and the deﬁnition of NC, we have
n1 + n2 + 4 n − 22 . (3)
So,
n − 8m1 + m2 + n1 + n2n − 8 that is m1 + m2 + n1 + n2 = n − 8.
This leads to each of (1)–(3) being an equality, so |A ∪ B| = m1 + m2 + n1 + n2, then
(A ∪ B) ∪ {x1, x2, xi, xi+1, xj , xt−1, xt , x} = V (G)
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and V (G) − V (P ) has only one component {x}. As obviously
(A ∪ B) ⊆ N(x1) ∪ N(xt ) ∪ N(xi+1) ∪ N(x),
{x2, xi, xj , xt−1} ⊆ N(x1) ∪ N(xt ) ∪ N(xi+1) ∪ N(x).
So Claim 5 holds under this condition.
Case 2: Only one of i = 2 and j = t − 1 holds. Without loss of generality we put i = 2. Let B ={xk : j < k < t − 1}.
We have B ∩ {x1, xi, xi+1, xj , xt−1, xt , x} = ∅. Let
|NB(x) ∪ NB(xi+1)| = m′1, |NB(x1) ∪ NB(xt )| = m
′
2.
From {x2, xt−1} = (N(x1) ∪ N(xt )) ∩ (N(x) ∪ N(xi+1)), Claim 4 and Observation (a), we obtain that
m
′
1 + m
′
2 + 7n, (4)
m
′
1 + 3
n − 2
2
, (5)
m
′
2 + 2
n − 2
2
. (6)
So n−7m′1+m
′
2n−7. Thenm
′
1+m
′
2=n−7. Then we know that each of (4)–(6) is an equality. So |B|=m
′
1+m
′
2,
and B ∪ {x1, xi, xi+1, xj , xt−1, xt , x} = V (G).
Then we obtain that V (G) − V (P ) has only one component {x}. As obviously
B ⊆ N(x1) ∪ N(xt ) ∪ N(xi+1) ∪ N(x),
{xi, xj , xt−1} ⊆ N(x1) ∪ N(xt ) ∪ N(xi+1) ∪ N(x).
Claim 5 holds under this condition.
Case 3: Both i = 2 and j = t − 1 hold. It is easy to see |N(x1)| = |N(xt )| = 1, which is contrary to 2-
connectivity. 
By Claim 5 and xxj+1, xi+1xj+1, x1xj+1 /∈E(G), if xj+1 	= xt , we have xtxj+1 ∈ E(G). For xj+2 	= xt , we have
xxj+2, xi+1xj+2, x1xj+2 /∈E(G). Otherwise, we have a path longer than P. Hence xtxj+2 ∈ E(G). So consequently
we can obtain that any vertex of xj+1
−→
P xt−1 is adjacent to xt but nonadjacent to x, xi+1 or x1. Similarly, we obtain
that any vertex of x2
−→
P xi−1 is adjacent to x1 but nonadjacent to x, xi+1 or xt . Because of 2-connectivity, there must
exist xk ∈ x1−→P xi−1, xs ∈ xj+1−→P xt , such that xkxs ∈ E(G). But then the path xi+1←−P xk+1x1←−P xkxs−→P xtxs−1←−P xjx
is longer than P, a contradiction.
Case B: V (G)−V (P ) has one component in which the pair xi, xj satisﬁes j − i3. Let S1 ={xk−1 : xk ∈ N(x1)},
then we have the following claims.
Claim 6. S1 ∩ N(xj−1) = ∅, S1 ∩ N(xt ) = ∅.
Proof. For xk ∈ N(x1), by Observation (a) and (b), we have k 	= t, j + 1, j, j − 1, i + 1. If xk−1 ∈ N(xj−1), then:
(1) If j + 2k t − 1, the path xt←−P xkx1−→P xj−1xk−1←−P xjyl
←−
P
′
y1 is longer than P.
(2) If i + 2kj − 2, the path xt←−P xjyl
←−
P
′
y1xi
←−
P x1xk
−→
P xj−1xk−1
←−
P xi+1 is longer than P.
(3) If k = i, the path xt←−P xjyl
←−
P
′
y1xix1
−→
P xk−1xj−1
←−
P xi+1 is longer than P.
(4) If 2k i − 1, the path xt←−P xjyl
←−
P
′
y1xi
←−
P xkx1
−→
P xk−1xj−1
←−
P xi+1 is longer than P.
These contradictions imply that S1 ∩ N(xj−1) = ∅.
For 2k t − 1, if x1xk ∈ E(G), xk−1xt ∈ E(G), we have a cycle C = x1xk−→P xtxk−1←−P x1 and V (C) = V (P ).
Then we can easily obtain a path longer than P. So S1 ∩ N(xt ) = ∅. 
Let S2 = {y : y ∈ N(y1) − V (P )} ∪ {xk−1 : xk ∈ N(y1) ∩ V (P )}. Obviously, we have the following claims.
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Claim 7. S2 ∩ N(xj−1) = ∅, S2 ∩ N(xt ) = ∅.
Proof. It is easy to obtain the conclusions by the maximality of P and the deﬁnition of S2. 
Claim 8. {y1, xt , xi} ∩ (S1 ∪ S2 ∪ N(xj−1) ∪ N(xt )) = ∅.
Proof. It is easy to see that y1, xt /∈ (S1 ∪ S2 ∪ N(xj−1) ∪ N(xt )). Because x1xi+1 /∈E(G), then xi /∈ S1. It is easy to
obtain that xi /∈N(xt ) by Observation (b). Since j − i3, and by the choice of j, we can see that xi+1y1 /∈E(G). So
xi ∩ S2 = ∅.
If xi ∈ N(xj−1), we have xi+1 	= xj−1 because of j − i3. Considering G[xi, xj−1, xi+1, xi−1, y1], it is easy
to see that xi−1y1, xi+1y1, xj−1y1 /∈E(G). If xj−1xi−1 ∈ E(G), then the path xt←−P xjyl
←−
P
′
y1xi
−→
P xj−1xi−1
←−
P x1 is
longer than P. If xi−1xi+1 ∈ E(G), the path xt←−P xjyl
←−
P
′
y1xixj−1
←−
P xi+1xi−1
←−
P x1 is longer than P. So we have
xj−1xi−1, xi−1xi+1 /∈E(G). Whether xi+1xj−1 ∈ E(G) or not, we can obtain a contradiction since G[xi, xj−1, xi+1,
xi−1, y1] is not isomorphic to K1,4 or K1,4 + e, respectively. 
Denote a function f : N(y1) ∪ N(x1) → S1 ∪ S2 as follows:
f (y) = y (y /∈V (P )) f (xk) = xk−1 (2k t − 1).
Clearly, f is an injective function, therefore we have |N(y1) ∪ N(x1)| = |f (N(y1) ∪ N(x1))| |S1 ∪ S2|. By Claims 6
and 7, we have (S1 ∪ S2) ∩ (N(xj−1) ∪ N(xt )) = ∅. From Claim 8, we have
S1 ∪ S2 ∪ N(xj−1) ∪ N(xt ) ⊆ V (G) − {y1, xt , xi}.
So |S1∪S2|+|N(xj−1)∪N(xt )|n−3. This implies that |N(y1)∪N(x1)|+|N(xj−1)∪N(xt )|n−3. Furthermore,
from NC(n − 2)/2, we obtain (n − 2)/2 + (n − 2)/2n − 3, a contradiction.
This completes the proof of Theorem 4.
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